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a b s t r a c t
The homotopy perturbation method is applied to the generalized fourth-order fractional
diffusion–wave equations. The problem is formulated in the Caputo sense. Moreover, a
reliable scheme for calculating nonlinear operators is proposed. The results reveal that the
present method is very effective and convenient.
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1. Introduction
The seeds of fractional calculus (that is, theory of integrals and derivatives of any arbitrary real or complex order) were
planted over 300 years ago. Since then,many researchers have contributed to this field. In recent years, it has turned out that
differential equations involving derivatives of non-integer order canbe adequatemodels for various physical phenomena [1].
For example, the nonlinear oscillation of earthquake can be modeled with fractional derivatives [2].
The fractional diffusion–wave equations as a significant part of fractional differential equations are considered. There
has been a growing interest to investigate the solutions and their properties [3]. The fractional diffusion–wave equations
are obtained from the classical diffusion or wave equations by replacing the first- or second-order derivative by a fractional
derivative of order α with 0 < α < 1 or 1 < α < 2, respectively. In some applications, a fourth-order space derivative term
is necessary. For instance, wave propagation in beams and modeling formation of grooves on a flat surface due to a grain
require fourth-order space derivative terms in their formulations [3]. In this paper, we present analytical and numerical
solutions for such a class of problems.
Most scientific problems and physical phenomena occur nonlinearly. Except in a limited number of these problems,
we have difficulty in finding their analytical solutions. Therefore, there have been attempts to develop new methods for
obtaining analytical solutionswhich reasonably approximate the exact solutions. Recently, a promising analytical technique
called homotopy perturbation method (HPM), first proposed by He [4], has successfully been applied to solve many types of
linear and nonlinear functional equations. The HPM, in contrast to the traditional perturbation method, does not require
a small parameter and it is constructed with an embedding parameter p ∈ [0, 1], which is considered as a ‘‘small
parameter’’. Considerable research work has recently been conducted in applying this method to multi-order fractional
differential equations, Navier–Stokes equation, nonlinear Schrödinger equation, Volterra’s integro-differential equation,
nonlinear oscillators, boundary value problems, fractional KdV equations and many other problems. Moreover, an efficient
reliablemodification of the HPM (that isMHPM) has been presented [5]. Some researchers believe that the newmodification
minimizes the volume of calculations and requires less computational work compared with the standard HPM [5]. For more
details about the HPM and its applications, the reader is advised to consult the results of the research works presented
in [4–6].
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Now, consider the generalized fourth-order fractional diffusion–wave equations [3]
ε1
∂4ξ(x¯, t)
∂x4k
= ε2 ∂
α
∂tα
ξ(x¯, t)+ ε3ξ(x¯, t), m− 1 < α < m, m ∈ N ,
ξ(0¯, t) = ξ(l¯, t) = ∂
2ξ(0¯, t)
∂x2k
= ∂
2ξ(l¯, t)
∂x2k
= c, k ∈ {1, 2, . . . , n}, (1)
ξ(x¯, 0) = ζ (x¯), ξt(x¯, 0) = ϑ(x¯),
ξ(x¯, t)→ 0 as (‖x¯‖ → ∞, t > 0) or (t < 0),
x¯, l¯ ∈ ℜn, −∞ < εi <∞, i = 1, 2, 3,
whereα is a parameter describing the order of the fractional derivative, c is an arbitrary constants and ξ(x¯, t) is a continuous
function which is defined in the space domain ℜn+1. Theoretically, α can be any positive number. Here, we consider
0 < α ≤ 2. Note that for α = 1 and α = 2, Eq. (1) represents a diffusion and a wave equation, respectively.
In this paper, we will implement the homotopy perturbation method for obtaining analytical and numerical solutions
of generalized fourth-order fractional diffusion–wave equations. Furthermore, a reliable scheme for calculating nonlinear
operators will be developed.
2. Preliminaries and notations
This section deals with some preliminaries and notations regarding fractional calculus. For more details see [1].
Definition 1. The Mittag-Leffler function Eα(z)with α ∈ ℜ+, valid in the whole complex plane is defined as
Eα(z) =
∞−
k=0
zk
0(αk+ 1) , z ∈ C. (2)
Definition 2. The Riemann–Liouville integral operator of order α on the usual Lebesgue space L1[a, b] is defined as
Iαt f (t) =
1
0(α)
∫ t
0
f (τ )
(t − τ)1−α dτ , α > 0, t > 0,
I0t f (t) = f (t), (3)
where 0(α) is the well-known Gamma function.
Definition 3. The (left sided) Riemann–Liouville fractional derivative of order α is defined as
Dαt f (t) =
dm
dtm
Im−αt f (t), m− 1 < α ≤ m, m ∈ N . (4)
Definition 4. The (left sided) Caputo fractional derivative of order α is defined as
Dα∗t f (t) =


Im−αt f
(m)(t)

m− 1 < α < m, m ∈ N ,
dm
dtm
f (t) α = m. (5)
3. A fresh view on HPM: a new nonlinear analytical technique
To illustrate the basic ideas of the HPM for fractional differential equations, we consider the following problem
Dα∗tξ(x¯, t) = υ(x¯, t)− Lξ(x¯, t)− Nξ(x¯, t), m− 1 < α < m, m ∈ N , t ⩾ 0, x¯ ∈ ℜn, (6)
subject to the initial and boundary conditions [4]
ξ (i)(0¯, 0) = ci, B

ξ,
∂ξ
∂xj
,
∂ξ
∂t

= 0, i = 0, 1, . . . ,m− 1, j = 1, 2, . . . , n, (7)
where L is a linear operator, while N is a nonlinear operator, υ is a known analytical function and Dα∗t denotes the fractional
derivative in the Caputo sense. ξ is assumed to be a causal function of time, i.e., vanishing for t < 0. Also ξ (i)(x¯, t) is the ith
derivative of ξ, ci, i = 0, 1, . . . ,m− 1 are the specified initial conditions and B is a boundary operator.
In view of He’s homotopy perturbation technique, we can construct the following simple homotopy
(1− p)Dα∗tξ(x¯, t)+ p(Dα∗tξ(x¯, t)+ Lξ(x¯, t)+ Nξ(x¯, t)− υ(x¯, t)) = 0, p ∈ [0, 1] , (8)
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or
Dα∗tξ(x¯, t)+ p(Lξ(x¯, t)+ Nξ(x¯, t)− υ(x¯, t)) = 0, p ∈ [0, 1] . (9)
The homotopy parameter p always changes from zero to unity. In case p = 0, Eq. (8) or (9) becomes
Dα∗tξ(x¯, t) = 0, (10)
where p = 1, Eq. (8) or Eq. (9) turns out to be the original fractional differential equation.
In view of homotopy perturbation method, we use the homotopy parameter p to expand the solution in the following
form
ξ(x¯, t) = ξ0(x¯, t)+ pξ1(x¯, t)+ p2ξ2(x¯, t)+ p3ξ3(x¯, t)+ · · · . (11)
For nonlinear problems, let us set Nξ(x¯, t) = S(x¯, t). Substituting Eq. (11) into Eq. (9) or Eq. (8) and equating the terms with
identical power of p, we can obtain a series of equations of the form
p0 : Dα∗tξ0(x¯, t) = 0,
p1 : Dα∗tξ1(x¯, t) = −Lξ0(x¯, t)− S0(ξ0(x¯, t))+ υ(x¯, t),
p2 : Dα∗tξ2(x¯, t) = −Lξ1(x¯, t)− S1(ξ0(x¯, t), ξ1(x¯, t)), (12)
p3 : Dα∗tξ3(x¯, t) = −Lξ2(x¯, t)− S2(ξ0(x¯, t), ξ1(x¯, t), ξ2(x¯, t)),
...
where the functions S0, S1, S2, . . . satisfy the following equation
S(ξ0(x¯, t)+ pξ1(x¯, t)+ p2ξ2(x¯, t)+ p3ξ3(x¯, t)+ · · ·) = S0(ξ0(x¯, t))
+ pS1(ξ0(x¯, t), ξ1(x¯, t))+ p2S2(ξ0(x¯, t), ξ1(x¯, t), ξ2(x¯, t))+ · · · . (13)
Applying the operator Iαt on the both sides of Eqs. (12) and considering the initial and boundary conditions, the terms of the
series solution can be given by
ξ0(x¯, t) =
n−1
i=0
ci
t i
i! ,
ξ1(x¯, t) = −Iαt (Lξ0(x¯, t))− Iαt S0(ξ0(x¯, t))+ Iαt υ(x¯, t),
ξj(x¯, t) = −Iαt (Lξj−1(x¯, t))− Iαt Sj−1(ξ0(x¯, t), ξ1(x¯, t), . . . , ξj−1(x¯, t)), j = 2, 3, . . . .
(14)
Hence, we get an accurate approximation in the following form
ξ(x¯, t) =
∞−
i=0
ξi(x¯, t). (15)
3.1. A reliable algorithm to calculate nonlinear operators
To determine Sj(j = 0, 1, . . .) in Eq. (13) we use
S = N(ξ) =
∞−
n=0
Snpn, (16)
we aim to establish an effective way for calculating nonlinear operators for HPM. To achieve this, by using the algebraic and
trigonometric identities and Taylor expansions we have

S0
S1
S2
S3
S4
...
 =

1 0 0 0 0 · · ·
0 ξ1 0 0 0 · · ·
0 ξ2
1
2!ξ
2
1 0 0 · · ·
0 ξ3 ξ1ξ2
1
3! 0 · · ·
0 ξ4
1
2!ξ
2
2 + ξ1ξ3
1
2!ξ
2
1 ξ2
1
4!ξ
4
1 · · ·
...
...
...
...
... · · ·


N(ξ0)
N ′(ξ0)
N ′′(ξ0)
N ′′′(ξ0)
N (iv)(ξ0)
...
 . (17)
It is to be noted that other terms can be generated in a similar manner. For more details see [7].
4. Numerical experiments
In this section to demonstrate the effectiveness of our approach, we will implement HPM to construct solutions for vari-
ants of fourth-order fractional diffusion–wave equations. In all examples, we select the initial solution as ξ0(x¯, t) = ξ(x¯, 0).
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Fig. 1. Numerical convergence of the exact solution and the HPM solution.
Example 1. Consider the following fourth-order fractional diffusion equation
Dα∗tξ(x, t) = −
∂4ξ(x, t)
∂x4
, t > 0,
ξ(x, 0) = e−x, ∂ξ(x¯, 0)
∂t
= 0, α ∈ (0, 1), x ∈ ℜ.
(18)
By the same manipulation as in Section 3, the solution ξ(x, t) is
ξ(x, t) = e−x

1+
∞−
i=1
(−tα)i
0(1+ iα)

= e−xEα(−tα). (19)
Fig. 1 shows the two-dimensional plot obtained using HPM, which is in high agreement with the exact solution of
Eq. (18) when α = 1,−3 ≤ x ≤ 3 and t = 3.1.
4.1. Remark
1. For numerical computation, the series in Eq. (19) is truncated after at most 6 terms, and the evaluation results are
presented for 1 s.
2. For α = 1, ξ ∗(x, t) = e−t−x is an exact solution of Eq. (18).
Example 2. Consider the following fourth-order fractional wave equation
Dα∗tξ(x, t) =
∂4ξ(x, t)
∂x4
+ ξ(x, t),
ξ(x, 0) = cos(πx), ∂ξ(x, 0)
∂t
= 0, |ξ(0, t)| ⩽ M,
t > 0, α ∈ (0, 2), x ∈ ℜ, M ∈ ℜ+.
(20)
By the same manipulation as in Section 3, the solution ξ(x, t) is
ξ(x, t) = cos(πx)

1+
∞−
i=1
(tα(1+ π4))i
0(1+ iα)

= cos(πx)Eα((1+ π4)tα). (21)
Consequently,
ξapproximate(x, t, α = 1) = cos(πx)et(1+π4) = ξexact(x, t, α = 1). (22)
5. Conclusions
In this paper, HPM has been successfully applied to compute the approximate solution of the generalized fourth-order
fractional diffusion–wave equations. A reliable scheme to calculate nonlinear terms was introduced. The results show that:
1. The proposedmethod provides the solutions in terms of convergent serieswith easily computable components in a direct
way, without using linearization, perturbation or restrictive assumption.
2. HPM is clearly a new perturbation method, searching an asymptotic solution with few terms and no convergence theory
is needed.
3. The reliable scheme is very straightforward and the solution procedure can be done easily.
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